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ABSTRACT

The modification of the matrix method of constiuttof wavefield on the free surface of an
anisotropic medium is presented. The earthquakeceaepresented by a randomly oriented force
or a seismic moment tensor is placed on an arbtlasundary of a layered anisotropic medium.
The theory of the matrix propagator in a homogemseanisotropic medium by introducing a "wave
propagator” is presented. It is shown that for aispic layered medium the matrix propagator
can be represented by a "wave propagator” in easfed. The matrix propagator P(gs0) acts

on the free surface of the layered medium and geesistress-displacement vector at depth z. The
displacement field on the free surface of an anigt medium is obtained from the received
system of equations considering the radiation comiand that the free surface is stressless. The
approbation of the modification of the matrix metHor isotropic and anisotropic media with TI
symmetry is done. A comparative analysis of ouulteswith the synthetic seismic records
obtained by other methods and published in foreigmapers is executed.
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INTRODUCTION

The main data sources in seismology are the seigoards of natural or man-made events that are
received on the Earth surface. The task of modersimsc analysis is to obtain the maximum
possible information about the nature of wave-8ghdopagation. Solving these problems involves
the study of seismic regions of Ukraine and intetgtion of wave fields in order to determine the
earthquake focal mechanisms.

In recent years one of the most important methadgshe development of approaches for
constructing the theoretical seismograms, whiocbmathe study of the structure of the medium and
determination of the earthquake source parameldrs. effects on the wave field and seismic
waves' propagation in the Earth's interior should bonsidered when calculating these
seismograms. Thus, the displacement field, whichregistered on the free surface of an
inhomogeneous medium, depends on the model of #wdogjcal structure and the physical
processes in the source.
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In the 50's of 20th century Thomson and Haskebt fioroposed a method for constructing
interference fields by simulation of elastic waveslayered isotropic half-space with planar
boundariestlaskell N.A. 1953]. The matrix method was developed in theke/fBehrens E.1967;
BuchenP.W,, 1996;CervenyV., 2001;Chapman, C.H.1974.

The stable algorithms of seismograms calculationafb angles of seismic waves propagation is
obtained. The matrix method is generalized for fosguency waves in inhomogeneous elastic
concentric cylindrical and spherical layers suraeoh by an elastic medium. The concept of the
characteristic matrix determined by physical patanseof the environment is developed. The
matrix method is used for wave propagation in eastuid and thermoelastic media. In addition,
it has been generalized for the study of other ggses described by linear equations. The
advantage of the matrix method is the ability tonpactly write matrix expressions that are useful
both in analytical studies and numerical calculagio

The matrix method and its modifications are useditoulate the seismic waves propagation in
isotropic and anisotropic media. This method igegaomfortable and has several advantages over
other approaches. Both advantages and disadvantaglee matrix method are well described in
[Helbig K, et al, 2001);Stephen R. A1981;Thomson W.T 195Q.

Today in seismology much attention is given to reathtical modelling as one of the main tools for
the analysis and interpretation of the wave fields.

MATERIALSAND METHODS

Theory of the modification to the matrix method

The problem of wave fields modelling, when the seuis presented by seismic moment, has
practical applications in seismology. Thereforee ttevelopment of methods for determining the

displacement field on the free surface of an amgit inhomogeneous medium for sources of this

type is an actual task and needs to be resolved.
In this paper the propagation of seismic waveanisotropic inhomogeneous medium is modelled

by system of homogeneous anisotropic layers, asrsho (Fig. 1). The each layer is characterized

by the propagation velocity of P- and S-wave analsdg. At the boundaries between layers hard

contact condition is met, except for the borderermghthe source of seismic waves is located.

The earthquake source is modelled by nine paif®roks, which represented a seismic moment
tensor. This description of the point source idisightly known and effective for simulation of
seismic waves in layered half-spattagkell N.A. 1953]. ]. In general, the source is also assumed
to be distributed over time, i.e. seismic momen(tMs a function of time. This means that the
physical process in the source does not occurritestaously, but within a certain time frame. It is
known for our seismic events (Mw ~ 2-3) that thediduring which occurred the event may be 0.1
— 0.7 seconds. The determination of the source timetion is an important seismic problem. In
this chapter the direct problem solution is showhen a point source is located on an arbitrary

boundary of layered anisotropic media.
We assume the usual linear relationship betweesss} and strairg
ou
Ty = Cyg [By = Cjg - 1)
j ikl | ikl an
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Fig. 1. Model vertically inhomogeneous medium

whereu=(uy, W, u)" is displacement vector.
The equation of motion for an elastic homogenemiso#ropic medium, in the absence of body
forces is Fryer et al,1984]

o°u 0%y,
B I . e B 2
atz CIJk| 6)qaxk ( )
wherep is the uniform mass density, amy, are the elements of the uniform elastic coeffitien
tensor.
Taking the Fourier transform of (1) and (2), weadbthe matrix equatioriFfyer et al
1987]

0

‘;—b: WA 2b(2) 3)
z

where 6:@ is the vector of displacements and scaled trastion —jiw(rxz,ryz,rzz T. With the
definition of b the system matrix A has the struetu
T C

A:(S TTJ ; whereT, SandC are 3x3 sub matrice€,andS are symmetric.
For any vertically stratified medium, the differiahtsystem (3) can be solved subject to specified
boundary conditions to obtain the response vectidrdny desired depth. If the response at depth z
is b(z), the response at depth z is

b(2)= R z3)b(z) (4)

where P(z, @ is the stress-displacement propagator.
To find this propagator, it is necessary to find #igenvalues (vertical slownesses), the eigenvecto
matrix D, and its inverse B{Fryer et al,1984]:

Rz2z)=DQ(zz)D™, (5)
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where Q is the “wave” Drop: atoFrjyer et al,1984]:
Qz2)=| o ¢ (6)
where g, =diage™* % e "¥% e %] E_ =diage V% M7V oM TIE],

In the isotropic case the eigenvector matrix D knoanalytically, so the construction of the
propagator is straightforward. In the anisotropase; analytic solutions have been found only for
simple symmetries so in general, solutions wilfdaend numerically.

The layered anisotropic medium, which consistsnohomogeneous anisotropic layers on an
anisotropic halfspacen(+1) (Fig. 1), is considered. The matrix propagd#d) can be represented
by a “wave propagator” in each layer for anisotcolpiyered medium. The source in the form of a
jump in the displacement-stress=h_, -b,is placed on the s-boundary (Fig. 1); it is easwtite
the following matrix equation, using (13-14):

Bt = Py + Vo = D;iD,Q,D;! ID,,Q,, D2 [,y

=z,

1
zz,

=p

=z

P

s-1,5-!

2 DDIPz,lplo [60 = DstDs_l DIleQlDl_l [60 !

ss1

Vn+l = Dn(gnDr:l D]]]]DS+1QS+1DS_-31 63 + 'E) = Gn+1'3+1 |1(-:»‘3,160 + 'E) =
G n+1,3+1GSY160 +G n+1,s+1 D’E - GBO +G n+1s+l D;E

where

G=D!

n+l

D,Q,D," D, ,Q..,D;}; MID,'DQD;™*
- characteristic matrix of a layered anisotropedmim.

7., = Gby + G G} [F = G(B, + G;1 (F) = G(b, + F) (7)
where F=c1F, G=G"*'B,.

Using (7) and the radiation condition (with a hp#ee (+1) the waves are not returned),
and also the fact that the tension on the freeasaréquals to zero, we obtain a system of equations

0) (G, G, Gy G Gy G|U *F
0 Gy Gy Gy Gy Gi Gy u§0) +h

0 _|Gsr Gy Gz Gy Gis Gy u® + E:% .
vo Gy Gp Gz Gy Gis Gy IE4

V§ Gsi Gs; Gsz Gsy Gss G Es

VSZ Gor Gsz Ges Ges Ges Geo E

o

Using only the homogeneous equations is suffideigiet the displacement field on a free surface:

Gllu>(<0) + Glzuéo) + Glsugo) =~(GyF, +G,,F, +G3F; + G F, + G Fs + G F)
Gzluio) + Gzzuéo) + stu?) =~(G,F; +GuF, +GyF; + G, F, + GysF + GyF) -

GBlu>(<0) + G32u)(/0) + G33U§O) = _(G31El + G32E2 + G33E3 + G34|E4 + G35|55 + GSGIEG)

4
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The stress-displacement discontinuity is determinadhe seismic in matrix forntfyer G.J. et al
1984]:

T
11

“ B o(z-2,)
px(M XX C13033M zz) + pyM Xy

po yXx + py(M yy - C23C;;M zz)
px(sz - sz) + py(sz - M y2)

whereMyy, Myy, Mzz My, Myz Myy, Myy, M2y, Mzx— components of the seismic moment tensor, and
C13, C23, C33, Ca4, Cs5— COMponents of the stiffilss matrix

As a result, the displacement field of the freefeme of an anisotropic medium is in the
spectral domain as:

0
s - (8)
i=luy =G
ue
G, G, Gp a
Where ’ y= ’
G®= Gy G, Gy y=|b
Gy G; Gy ¢

a=—(GyF, +GF, + G55 + Gy F, + GysFs + Gi6Fs)
b = _(GZIFl + GZZFZ + GZSFS + GZ4F4 + GZSFS + GZGFG) !
€= =(GyyF, + GyoF, + Gyghs + GyuF, + GgsFs + Gy -

Using (8) and three-dimensional Fourier transfowe, obtain a direct problem solution for the
displacement field of the free surface of an amiget medium in the time domain as:

- 1 _ i -
U(X Y, Zg,t) = ﬁjl[_l.wzu(px, P, Zr, e TP PV dp dp dw

wherezg —epicentral distance, py- horizontal slowness.

Analytical and numerical approaches of determining of the sour ce parametersin case when
sourceis presented by randomly oriented force

The seismic source may be described by a modefjuf/@ent forces that correspond to linear
wave equations. These sources can be analysedhified and consistent way by using the concept
of the seismic moment tensor, which encapsulatesetjuivalent forces model of a generalised
point source. The full set of force couples thanpase the moment tensor may be summed in a
variety of different combinations to produce a wi@ege of seismic source models. This aspect
illustrates the great utility of the moment tensor.
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Fig. 2. Various types of forces in the point source

a — a single force; b - a pair of forces equahegnitude and opposite in direction relative to the
axis z; ¢ - a pair of forces equal in magnitude apgosite in direction relative to the axis z;te
pairs of forces, which are equal in magnitude artcalbbng axes perpendicular to each other; e - two
pairs of forces equal in magnitude and opposite direction relative to the axis z.

A seismic source may be described by a model oifvelgunt forces, corresponding to linear wave
equations where non-linear effects in the nearesouegion are neglected. Equivalent forces are
defined as those forces producing displacements afiven point that are identical to the
displacements produced by the actual forces opttysical process and acting at the source. The
concept of equivalent forces is a useful one, beedhese forces can be correlated with physical
source models.

As a result, the solution of the direct problenseismology, the synthetic seismograms for media
with different types of anisotropy (transverse-ieptc symmetry orthorhombic and monoclinic
anisotropy) are calculated. The stress-displacerdetontinuity is determined by a randomly
oriented force as [32]:

lo(z-2) ©

T
I
e

wherej — imaginary unit,
® — angular frequency,
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fx, fy, f,—components of a randomly oriented force.
Using the obtained solution of the direct problee,can solve the matrix equation (8) with respect

to the stress-displacement discontinuity (9), whei€ =(u®,uPu®)"is a vector of

displacements on the free surface in the spectral omathe.
The matrix equation is written in terms of theress-displacement discontinuity as:

F=G"m%G") " G,,, (10)

2]
1
@
@
@
@
S
@
@

Using (10) and three-dimensional Fourier transfome obtain the analytical expression for
determining the source time function (STF(t)) ia tme domain.

If the case, when the seismic source is presenyedabdomly oriented force (9), the inverse
problem solution is the source time function. Tdaab the inverse problem solution, we need the
three components of seismogramog, (i, u;) and parameters of the medium (velocity model or
stiffness matrix of the mediumif the real seismograms are used, the besttsearg obtained for
the filtered real records up to 5 Hz in range.

Approbation of the new approach to deter mining the sour ce time function

To test the proposed theory three examples areidsoed. The synthetic seismograms are
calculated for the anisotropic medium. The seissnigrce is modelled by a randomly oriented force

which IS given as the source time function (STE(1))
In the test case, all parameters of the anisatropmdium (11) and the coordinates of a seismic
wave source are known.

For each of the followingsimulations the medium is modelled by anisotropidf-epace with
monoclinic symmetry. Theeismic wave source is located at the depth 5 knepécentral distance
to the receiver is 1 km.

Thestiffness matrix of the medium is defined as:

9546 2893 403 0 0 4467
2893 2591 456 0 0 1556
403 456 1634 0 0 056
c= 1o’
0 0 0 444 -178 0O . (11)
0 0 0 -178 654 0
4467 1556 054 0 0 3298

1. The source time function is preset as Wavelet fanct
STR{) = Arfl— 2722 f 22 Je ° (12)
whered = 1C¢, f=5Hz.
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Fig. 3. Comparison of graphs STF (t) - Wavelet fiorc a — calculated in the inverse problem, b —
constructed in the direct problem.

After analyzing the results, we can conclude thatihverse problem solution is fairly accurate. The
correlation coefficient between the source timecfiom (12) and the obtained inverse problem
solution is equal to 0.9901.

2. The source time function is preset in spectral @oras:

>

STHw) = , (13)

1+

S0l &

whered = -1F, wo = 5Hz.

For the second example, when a randomly orientex fio the spectral domain is given as (13), the
correlation coefficient between the function (2abyl the obtained solution of the inverse problem
is equal to 0.9928.

3. The surce time function is a fading sinusoid. In thecpal domain function is:

e
STRwW) = A TOH@E—»\AW? | (14)
e "

wherew; = 6Hz,wp = 50Hz, d = 1.28, A= 1.
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Fig. 4. Comparison of graphs STF (2.5): a — catedlan the inverse problem, b — constructed in
the direct problem.
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Fig. 5. Comparison of graphs STF preset &&lang sinusoid (14)a — calculated in the inverse
problem, b — constructed in the direct problem.

In the third example, the correlation coefficieetieen a source time function given as a faulting
sinusoid and the obtained solution of the inversblem is equal to 0.9532.

CONCLUSION

In this paper the analytical methods for calcutatd the displacement field on the free surfaca of
layered anisotropic medium (with transversally4ispic, orthorombic and monoclinic symmetry)
are developed, when the source of seismic wavpeegented by a randomly oriented force and/or

9
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seismic moment tensor. The stress-displacemenbrdistity is determined via seismic moment

tensor components. For the first time a set ofydéisal and numerical approaches to determining
the earthquake source parameters, based on tle¢ piicdlem solutions, is proposed. The method
of wave fields modelling in layered medium usingegivectors and eigenvalues is developed.

The method for determining the displacement field the free surface of an anisotropic

inhomogeneous medium from a source presented bgdomly oriented force is tested. Thus, the
methods, approaches, algorithms, software for tlopagation of seismic waves and results of
inverse dynamic problems of seismology proposeddmawloped by the author and highlighted in

the paper, can be successfully used in the stutlyeo$eismic regions and effective implementation
in the construction of the earthquake source mashmawhich is crucial for seismic regions of the

country.

Probability and reliability of basic scientific tas and results is provided by well posed problems,
rigidity of mathematical methods and transformagiam obtaining basic analytical relations for the

displacement field and the seismic moment tensonpoments, by conducting computational

experiments with reasonable accuracy, controlled niigans of the theoretical relations for

variations of physical parameters of studied madic wave forms on the surface of a layered half-
space, and is also confirmed by the coincidenck arialytical solutions and with results obtained
by other methods.
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