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TO THE PROBLEM OF MHD WAVES PROPAGATION IN THE IONO SPHERIC 
E- REGION 

   

George Jandieri  
Georgian Technical University, Georgia 

  
ABSTRACT 
The dispersion equation has been obtained describing propagation of very slow and long-period 
MHD waves in the ionospheric E-region. Statistical characteristics of the low-frequency MHD 
waves propagating in weakly ionized plasma are obtained for arbitrary correlation function of the 
particles density fluctuations. Energy exchange between “fast” and “slow” Alfven waves and the 
turbulent plasma flow is analyzed in the ray (optics) approximation using the stochastic eikonal 
equation. Correlation function of the phase fluctuations and the broadening of the temporal 
spectrum of scattered Alfven wave are calculated numerically for   the anisotropic correlation 
function using the experimental data.   
Keywords: Alfven wave, plasma flow, statistical characteristics, broadening, irregularities. 
 

INTRODUCTION 

 
The wavy processes in the upper atmosphere have both, hydrodynamic and electromagnetic nature. 
In the first class of waves belong the acoustic (sonic), gravitational and MHD (Alfven and 
magnetoacoustic) waves, while the second class of waves contains planetary Rossby waves and 
magnetogradient waves [1]. General dispersion equation was derived for the magneto-acoustic, 
magneto-gravity and electromagnetic planetary waves in the ionospheric E- and F-regions [1,2]. 
The geomagnetic field generates small and medium-scale waves: magneto-acoustic and Alfven 
waves. In the ionosphere magneto acoustic waves are generated by the elasticity of the geomagnetic 

lines of force. These are fast (with the propagation velocity more than 1 1km s−⋅ and short-period (of 
the order of 5 20−  min). Alfven waves, with phase velocity depending on the orientation of the 
wave vector k  with respect to the geomagnetic field, 0H  are generated due to the tension of the 

geomagnetic lines of force and as it will be shown below can be very slow (10÷50 1m s−⋅ ) and long-
period (1 2÷ days), when the wave vector k  is almost transversal to 0H  and fast, when vectors k  
and 0H  are parallel.                                                                                                                                 

The ionospheric observations reveal the electromagnetic perturbations in the E – region known as 
the slow MHD waves [3,4]. These waves are insensitive to the spatial inhomogeneities of the 
Coriolis and Ampere forces and are propagated in the ionospheric medium more slowly than the 
ordinary MHD waves. In natural conditions, these perturbations are revealed as background 
oscillations [1]. Observations show [5-7] that during earthquakes, man-made explosions, magnetic 
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storms, launching of space crafts, worldwide networks of ionospheric and magnetic observatories 
(located approximately along one latitude) in the E-region (70 150÷ km) of ionosphere besides the 
well-known wave modes the large-scale ( 3 4~ 10 10λ ÷ km) ionospheric wave disturbances of 
electromagnetic nature are clearly registered propagating along the parallel around the Earth with 
high (supersonic) speeds (higher than 1 1km s−⋅ ) and having periods from several minutes to several 
hours. In the same region of the upper atmosphere are also observed large-scale, long-period (from 
two days to two weeks and longer) wave disturbances of hydrodynamic nature (their velocity is of 
the order of the velocity of the ionospheric winds). Unlike the very long planetary Rossby waves 
(propagating mainly westward) they propagate to the east and generating the electric currents lead 
to the essential pulsations of the geomagnetic field (to 45 nT and higher).                                            

According to the numerous observations [4] at the ionospheric moderate and high latitudes large-
scale (up to 310  km), and long-period (with characteristic time scale of 0.5-2 hours) ionospheric 
wavy perturbations regularly exist which are propagating zonally over long distances (to ten 

thousand of kms) with the velocity more than 1 1km s−⋅ . The observed propagation velocity of wave 
cannot be explained within the frames of hydrodynamic theory of ordinary acoustic gravity waves, 
since the maximum characteristic velocity of the letter, at the ionosphere altitudes does not exceed 

700-800 1m s−⋅ . The velocities of the order of 1 1km s−⋅ and more are arising when the influence of 
partial “freezing-in” of the geomagnetic field on the propagation of MHD waves in the ionosphere 
is taking into account. For the E-region the plasma component behaves like a passive impurity. The 
neutrals completely drag ions and the “ionospheric” friction between neutrals and ions can be 
neglect [1]. Therefore velocity of the neutral component 0 / 4 nH M Nπ  is much lower than 

velocity of the plasma component 0 / 4H M Nπ , where nN  and N  denote concentrations of the 

neutral particles and charged particles of the ionospheric plasma, respectively. Below we consider 
slow, long period, large-scale MHD waves in E- layer of the ionosphere.                                            

  
The features of low-frequency waves in homogeneous magnetized plasma are well studied [8], 
however little attention is devoted to the investigation of statistical characteristics of MHD waves in 
turbulent plasma flow observing in both cosmic and laboratory conditions. It was established [9] 
that statistical moments of these waves substantially depend on a type of waves. Therefore 
propagation of MHD waves in the turbulent plasma streams is of practical interest. Some 
peculiarities of statistical characteristics of MHD waves in turbulent plasma using the “freezing-in” 
turbulence approximation have been considered [10].                                                                            

                                                                       
Statistical characteristics of the “fast” and “slow” Alfven waves in the E-region of ionosphere with 
randomly varying spatial-temporal plasma parameters are considered in this paper. The energy 
exchange between Alfven wave and turbulent plasma flow is analyzed calculating the mean energy 
flux density. Numerical calculations have been carried out using the experimental data.                      

 
SMALL OSCILLATIONS OF THE EARTH’S IONOSPHERE 

 

Linearized equation of motion of the MHD set of equations describing wavy processes in the 
ionosphere taking into account Hall’s effect has the following form                                                     

                                                      
1 1

[ ] [ 2 ]grad P
t cρ ρ

∂ = ⋅ − + + ⋅
∂ 0
V

j H g V ω ,                                    (1) 
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where P  and n pl n nM Nρ ρ ρ ρ= + ≈ =  are pressure and density of the neutral particles; M is mass 

of ions (molecules); V and H  are vectors of the fluid velocity and magnetic field, respectively; g is 
the vector of gravitational acceleration,  0ω is the angular velocity of the Earth’s rotation, j is the    

current density, c is the speed of light, [ ] / cρ= ⋅AF j H  is the electromagnetic Ampere’s force [1].     
In numerous observations [11,12] the real atmosphere quickly restores the violation of both quasi-
static (during several minutes) and quasi-geostrophic (roughly during one hour) states. Thus, for the 
synoptic processes (two weeks and more), it may be considered that the atmosphere always is in the 
quasi-static and quasi-geostrophic states. It was shown [13] that neutral Rossby waves and acoustic-
gravity waves are eliminated if the quasi-static and quasi-geostrophic conditions are fulfilled in the 
atmosphere. In this case, separating electromagnetic effects of slow MHD waves and neglecting all 
hydrodynamic forces Equation [1] reduces to: / [ ] /t cρ∂ ∂ = ⋅ 0V j H , = + ≈0 0H H h H . In the upper 
layers of the E-region (at altitudes of 100-150 km), fast waves with a wavelength of 2000 km are 
significantly damped due to the Pedersen conductivity. However, longer waves are damped weakly. 
Therefore, in this paper, in considering long-wavelength perturbations with 4~ 10λ km we neglect, 
for simplicity, the Pedersen conductivity in the Hall layer, we assume that 0zH=0 zH e .  Restricting 
ourselves by moderate and high latitudes (geomagnetic field has only vertical component 0zH  ), 
generalized Ohm’s law for the E-region can be expressed in the following form 

                                                        
1 1

[ ] [ ]e N
c c

 ⋅ = + ⋅ 
 

j H E V H .                                                     (2) 

 
Assuming the equality [ ] 0⋅ =0j H  [1, 4], we get: 

                                                 [ ]i g= − − ⋅E w w τ  ,     
2

24 a

c

tVπ
∂= −
∂
w

j  .                                           (3) 

where [ ] / c= ⋅ 0w V H  is the dynamo field caused by the wind mechanism, 0/ H= 0τ H  is the unit 
vector along the strength of the geomagnetic field, / ig ω= Ω  is the ratio of the wave frequency to 
the ion gyrofrequency, i ιη ωΩ =  is modified by the ionization degree cyclotron frequency of ions 

(in the E-region iΩ  is of the order of 4 510 10− −÷ 1s− ) (1), 0 /i ze H M cω =  is the cyclotron frequency 

of ions ( 210≈ιω 1s− ). In the neutral component of the ionosphere the velocities of the order of 1 
1km s−⋅  and they are insignificant for MHD waves in the plasma component 3(~10 1km s−⋅ ). This is 

stipulated by the fact that in the ionosphere for the long-period processes the geomagnetic field is 
“frozen” into the plasma component and during the perturbations it passes its perturbation to the 
neutral component by collision processes. In the neutral part, it propagates with the Alfven velocity 

0 0/ 4 / 4a n AV H H M N Vπ ρ π η= = =  , where 0 / 4=AV H M Nπ  is the velocity of the MHD 

wave in the plasma component of ionosphere. In the ionospheric E (70-150 km, 2/ ~10 1i inω ν − << , 

inν  is the collision frequency between ions and neutral particles) and F (150-600 km) regions the 

ionization degree / nN Nη =  is of the order of 8 410 10− −÷ . Therefore, the value of aV is much less 
than AV . Consequently we naturally come to the consideration of slow (in the electrodynamics 

sense) long-period MHD waves in the ionosphere [1]. In the E-region 1 2= ÷aV 1km s−⋅ (if 
geomagnetic field is 0.2 Gauss).                                                                                                              

Substituting equation (3) into Maxwell’s equation 2(4 / ) /= − ∂ ∂E jrot rot c tπ , at 
~ exp( )+ −w x zi k x i k z i tω  we obtain the wave equation:   
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2

2 2
2

[ ]
∂ + = ⋅
∂

w
w w τa aV rot rot i g V rot rot

t
 ,                                        (4) 

The last term takes into account the Hall’s effect. If  0=zV , 0xV ≠ , 0yV ≠ , we obtain set of 

algebraic equations, and hence, the dispersion equation:                                                                        

                                                    2 2 2 2 2 2 2 4 2 2( ) ( )a a z a zV k V k g V k kω ω− − =  ,                                         (5) 

where: 2 2 2= +x zk k k . Equation (5) (in the electrodynamics sense) describes very slow and long-

period (from two days to two weeks and more) MHD waves in the ionospheric E-region. The first 
bracket describes propagation of transverse Alfven wave in the ionosphere. Compressibility and 
stratification of the ionosphere do not play any role in the Alfven’s waves and, therefore, for these 

waves the transversality condition [ ] 0⋅ =k V  is always satisfied [1].  At large xk , if 22
xz kk <<  and 

<<a zV k ω , from Equation (5) we get:                                                       

                                                              
2 2

2 2 2
2

1 a z
a x

i

V k
V kω

 
= +  Ω 

 .                                                        (6) 

From Equation (6) it follows that in the E-region the characteristic horizontal wavelength 0 2 /= Ωa iVλ π  

exists, which determines the characteristic “length of dispersion” caused by the Hall’s effect. If a z iV k << Ω  
frequency of magneto-acoustic wave M a xV kω =  increases linearly with xk ; if i a xV kΩ << wave 
frequency is subject to the frequency of helicons hω :   

                                                         
2

0

4
a z

h x z x z
i

V c H
k k k k

N e
ω ω

π
= = =

Ω
.                                                (7) 

In ionospheric physics, they are known as “atmospheric whistlers”. As a result, helicons in the E-
region are the limiting case of magnetic sound. In helicons only electrons of the ionospheric plasma 
are oscillating together with the frozen in geomagnetic field lines [1]. At small xk , if 2 2

z xk k>>  and 

iω < Ω  from Equation (5) we obtain frequency of the Alfven wave A a zV kω = .  For   the second root, 

taking into account Equation (5), at 22
xz kk <<  and << a xV kω  we get 

                                                               
2

2 2 2
2 2 2

Ω
=

Ω +
i

a z
i a z

V k
V k

ω ,                                                        (8) 

At i a zV kΩ >>  expression (8) describes Alfven wave with dispersion a zV kω = . At big wavenumber 

zk  the wave frequency is subject to the characteristic frequency i iω η ω→ Ω = . Consequently, 

waves iΩ  in the ionosphere are the limiting case of the quasi-transversal very low-frequency 

Alfven waves.                                                                                                                                          

If 2 2
z xk k>>  from Equation (5) we obtain new branch of the modified Alfven wave having frequency: 

2 2 2 2/ /A a z i a z iV k V kω η ω∗ = Ω =  and the ordinary Alfven wave: = a zV kω . For 0xk =  from Equation (5) 
we obtain the dispersion relation for the Alfven-type waves propagating with phase velocity 

2 2 / (1 / )= ±ph A a hV V ω ω . For the frequencies a zV kω >>  and z xk k>  phase velocity of helicon is: 

0 / 4=ph z zV c H k e Nπ . In absence of dispersion (Hall effect), for magneto-acoustic and Alfven 
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waves we obtain: 0 / 4= =ph M z n aV H M N Vπ  and =ph A aV V θ , where /z xk kθ = . Slow magneto-

acoustic waves propagate with the velocity of Alfven waves in the direction perpendicular to the 
external magnetic field. Phase velocity of Alfven waves depends on an angle 1<<θ . Using typical 
values of concentration of the neutral components nN  in the E-layer of ionosphere for large-scale 

magneto-acoustic waves we obtain 1 2ph M aV V= = ÷ 1km s−⋅ . For slow planetary waves with the 

period of  0 2T =  days, horizontal wavelength 3000xλ ≈  km, 610xk −= 1m−  and the wave number 

02 /z ak T Vπ=  we get 8~10− 1m− , 210θ −≈ .                                                                                             

Hence, the phase velocity of large-scale, slow Alfven waves is of the order of 20ph AV = 1m s−⋅ . For 

other periods 0T  and the horizontal wavelengths of planetary waves, the phase velocity of slow 
Alfven type waves does not exceed typical values of the wind velocities in the E-layer of 

ionosphere (from several meters per sec up to 100 300÷ 1m s−⋅ ). These waves propagate 
transversally to the external magnetic field 0zH  ( 1)θ <<  and the total wave vector k  is almost 

horizontal. Taking into account dispersion (Hall’s effect), planetary waves are circularly polarized. 
For typical values of the wind velocity V in the E-region of ionosphere using the formula 

0 /z ph Ah H V V≈ we can estimate perturbation of the geomagnetic field h  varying within the range of 

15-50 nT. The obtained results are in agreement with experimental data confirming the existence of 

planetary waves with velocities of 20-100 1m s−⋅ ) in E -layer of ionosphere [15, 16] in any season 
of year with wavenumber of 2-10 1m− . In contrast with the ordinary Rossby waves, they lead to the 
substantial distortion of the geomagnetic field (from several to several tens of nT) revealing 
electromagnetic character of these waves. Large-scale disturbances (with the velocity of 1-2 

1km s−⋅ ) can be identified with magneto-acoustic waves in the neutral component of the ionosphere, 

and the planetary waves with the velocity of the motion 20-100 1m s−⋅ can be identified with slow 
Alfven waves.                                                                                                                                          

Hence, in the Е region of ionosphere are exist: magneto-acoustic wave with frequency M a xV kω = , 
Alfven wave with frequencies Aω ∗  and A a zV kω = , slow cyclotron wave of ions iΩ  and helicons 
with frequency hω .                                                                                                                                  

Wave equation for the electric field E  with the current density j  (Equation (3)) has the following 

form: 2 2 2 2
0 0 /− = −E E w arot rot k k c V . Multiplying Equation (3) scalar and vector on vector τ  we 

obtain:                                                                                                                                                      

                                                            [ ]{ }21
( )g i g

b
= − ⋅ − ⋅w E E τ τ E τ  ,                                        (9) 

where: 2 1b g= − .  

Electric induction linearly connecting with the vector w , 2 2/ ac V= −D w ,  allow to calculate 
components of the permittivity tensor of magnetized plasma describing slow MHD waves in the 
coordinate system when Z-axis is directed along the line of forces of geomagnetic field 0H , 0zE = , 
which readily yield:                                                                                                                                 

2

2 2

1

1
xx yy

a

c

V g
ε ε= =

−
,   

2

2 21
xy yx

a

c g
i
V g

ε ε= − =
−

,  0xz yz zx zyε ε ε ε= = = = ,   = ∞zzε . 
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These expressions at 1η =  have been obtained in [17] on the bases of the equations of two-fluid 
hydrodynamics of cold plasma taking the ion inertia into account but neglect the electron inertia and 
particle collision. Features of low–frequency waves phenomena in homogeneous magnetized 
plasma have been studied in [8,18].                                                                                                         

On the other hand using the expression 4 /iε π ω= =D E j  (19) (here ε  is scalar) and substituting 
Equation (3) we get:                                                                                                             

                                                                     

2

2
[ ]

a

c
i g

V
ε ε
 

− = − ⋅  
 

w w τ  .                                                              (10) 

Multiplying this equation scalar and vector on vector τ  and taking into account ( ) 0⋅ =w τ  we yield 
2 2/ (1 )ac V gε = ± . Transversal wave propagates in medium with the velocity / /k c Nω = , where 

N ε⊥=  is the refractive index. Hence phase velocity of transversal MHD wave is 2 2(1 )ph aV V g= ± . 

This means that fast and slow Alfven waves are circularly polarized due to Hall’s effect.                    
 

SECOND ORDER STATISTICAL MOMENTS OF THE ALFVEN WAVE  IN A 
TURBULENT PLASMA FLOW                                                                                                         

 
From the dispersion equation (5) follows that frequency of Alfven wave propagating along the 
external magnetic field is defined as a zV kω = ± , upper and lower signs correspond to the “fast” 
Alfven wave (FAW) and “slow” (SAW) Alfven wave, respectively. Let small amplitude 0E  low 
frequency 0 iω ω<<  monochromatic plane wave with the wave vector 0k  generating in the 0Z =  
plane propagates along the Z - axis. Alfvén velocity exceeds thermal velocities of particles of low 
pressure plasma. Let’s turbulent plasma flow with the velocity 0V  moves along the external 
magnetic field 0B  locating in the XZ plane (principle plane) of the Cartesian coordinate system with 
the angle of inclination θ  with respect to the Z-axis. Using the eikonal equation the dispersion 
equation of the Alfven wave in the turbulent plasma flow has the following form [10] 

( ) ( )aVω − = ±0k V k b ; b  is the unit vector along an external magnetic field; We suppose that in 
turbulent ionospheric plasma density fluctuations of the neutral particles exceed velocity pulsations 

1 1 1a nV V N N<< <<  ( 1( , )V tr  represents small turbulent pulsations of the macroscopic velocity of the 
plasma flow). Frequency and wave number of the Alfven wave in turbulent plasma with smooth 
spatial-temporal fluctuations in the ray- (optics) approximation [20] satisfy the conditions, i.e. 

0 1k l >> , 0 1Tω >>  and 0 0/ 1l Vω >>  ( l  and T are characteristic spatial-temporal scales of 

irregularities, the mean velocity of a plasma flow 0V  is constant). For low frequency waves 

0 iω ω<<  and / 1aV c<<  the features of normal waves is the same as in one-liquid MHD 
approximation [18]. Neutral particles velocity and density can be expressed as sum of the regular 
and fluctuating components which are slowly varying random functions of the spatial coordinates 
and time 0 1( , ) ( , )= +V r V V rt t , 0 1( , ) ( , )= +r rnN t N N t . Substituting the wavevector ( , )t ϕ= −∇k r  and 
the frequency ( , ) /t tω ϕ= ∂ ∂r  in the dispersion equation of the Alfven wave, taking into account that 
the phase is a sum of the regular 0 0 0t k zϕ ω= −  and fluctuating phases, 0 1( , ) ( , ) ( , )t t tϕ ϕ ϕ= +r r r  
( 1 0ϕ ϕ<< ) we obtain stochastic transport equation for the phase fluctuation [10]:                                

  

                                                          1 1
1 0 0

0

1
( ) cos

2 a

N
k V

t N

ϕ ϕ θ∂ + ⋅∇ =
∂ grV m ,                                    (11) 
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where: 0 0( )aV V V∗= ± =grV b b  is the group velocity for both Alfven waves, 0 0 0/ 4a nV H M Nπ= . 

This equation easily solved using the method of characteristics [10]:                                                    

                                                    1 1
0

( , ) ( , , , )
L

t p dz N x y z tϕ ′ ′ ′ ′= ∫r ,                                                      (12) 

where: ( )x x z z tgθ′ ′= − − , ( ) / cost t z z V θ∗′ ′= − − , 2
0 0 0/ 2 cosap V N Vω θ∗= m . Correlation function 

of the phase fluctuations of scattered Alfven wave in the turbulent plasma flow has the following 
form: 

( ) 2
1 1( , , ) ( , , ) ( , , ) 2A

x y x y x yV L x y L x y L p L dk dk dϕ ρ ρ ϕ ρ ρ ϕ π ω
∞ ∞ ∞

∗

−∞ −∞ −∞

= < + + > = ∫ ∫ ∫                 

 , , , exp( )
cosN x y x x x y yW k k k tg i k i k

V

ω θ ω ρ ρ
θ∗

 
⋅ − + 

 
                                                                      (13) 

                                                                                                                                                 
the angle brackets indicate an ensemble average, the ∗  denotes a complex conjugate, L  is a distance  
travelling by wave in magnetized plasma, ( , )NW ωk  is arbitrary spectral function of plasma density 
fluctuations, xρ  and yρ  distances between observation points in the XY plane. Knowledge of the 

variance of the phase fluctuation allows estimating attenuation of the amplitude of an incident wave 
in turbulent plasma caused by energy transformation from  the mean field to the scattered one using 

the well-known formula [21]: 2
0 1exp( / 2)E E ϕ< > = − < > . Attenuation of the mean field in 

magnetized plasma is connected with transmission energy of this field into fluctuating one.                
In contactless diagnostics of the nonstationary plasma the most important is the temporal spectrum 
of scattered waves. The variance of an instant frequency 2

1ω< >  determines the broadening of the 
temporal power spectrum easily measuring by experiment [9]. It can be obtained from Equation 
(13) multiplying integrand on the factor 2ω . Violation of coherence of a scattered field in medium 
with large-scale irregularities connecting with the phase fluctuations allows us to suppose that 

2
1ω< >  keeps the sense  in the presence of diffraction too. Curvature of a constant phase surface in 

turbulent plasma is characterized by fluctuations of the unit vector s perpendicular to the wave 
front: 2 2 2

1 1 0( / x) /xs kϕ< > = < ∂ ∂ > . Both statistical characteristics 2
1xs< >  and 2

1ys< >  determine the 

angle-of-arrival of scattered waves in the XY plane.                                                                                

The obtained statistical characteristics of slow low-frequency Alfven waves in the E-region of 
ionosphere are valid for arbitrary correlation function of the density fluctuations of the neutral 
components taking into account: anisotropy factor of irregularities, the angle of inclination of 
prolate irregularities with respect to the external magnetic field, the angle between wave vector of 
an incident wave and the external magnetic field, regular velocity and characteristic spatial-
temporal scales of the density fluctuations characterizing turbulent plasma flow. The condition 
offreezing-in of the geomagnetic field 0H  is not fulfilled. 

The most important problem of waves propagation in a nonstationary medium is energy exchange 
between wave and medium. Specific features arise at propagation of the Alfven waves in plasma 
flow with chaotically varing parameters. The solution of this problem for Alfven wave is based on 
the calculation of the mean energy flux density (MEFD) 2Eη= grS V  [8,18]. Growth and decrease of 

the energy flow in the turbulent plasma means the energy transfer from medium to the wave and 
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vice versa. Neglecting dissipation processes in the ray (-optics) approximation amplitude E satisfies 
the transport equation [20,10]:                                                                                                                

                                                               2 2 2( ) ( )E div E E
t t

εη η∂ ∂+ ⋅ = −
∂ ∂grV ,                                 (14) 

where: 21
( )xxη ω ε

ω ω
∂=

∂
 is the coefficient between the energy density and 2E  (20), 

2

2 2

( )
xx

a

c

V

ωε
ω
−

= 0k V
 is the component of dielectric permittivity obtaining for a moving plasma 

applying method introducing in (18). For low-frequency Alfven waves we obtain [10]:                       

                                               
2

2

2

1a

c

gV
η =

± %
 ,     

2
1

2 2
00

1

(1 )a

Nc

t N tV g

ε ∂∂ =
∂ ∂± %

 .                                    (15) 

where 0 0/ ag V V=% .  

  Using Equation (15) the MEFDs of scattered Alfven waves in the turbulent plasma flow are  

  
2 22

2 1
0 2 2 2 2

0 0 0

cos
2 1

(1 )
z

a a

V Vc
S E

V g V

θ ω
ω

∗ ∗
 < >< >=  
 ±  

m
%

 ,    
2 22

2 1
0 2 2 2

0 0 0

sin 1
2 1

1 1x
a a

V Vc
S E

g gV V

θ ω
ω

∗ ∗
 < >< >=  
 ± ± 

m
% %

,    (16) 

From these formula follow that growth or decrease of the MEFD of the FAW and SAW in the 
turbulent plasma flow substantially depend on: the group velocity of this wave V∗ , the degree of 
ionization of the ionosphere η  and frequency of an incident wave frequency 0ω . In the direction of 
Z axis at small velocities of turbulent plasma flow 1g <%  (i.e. 0 0aV V< ), fluctuations of neutral 

particles density lead to decrease of the MEFD for FAW and for SAW, vice versa, to the increase of 
the MEFD. This is a consequence of the fact that that energy of slow wave is negative and 0η < , 
hence if energy of slow wave is decreased, amplitude and intensity of this wave are grow (10). 
Increasing regular velocity of plasma flow 1g >%  (i.e. 0 0aV V> ), character of the parametric energy 

exchange between both Alfven waves with nonstationary plasma is the same, however the influence 
of density fluctuations increases due to factor 2g% before statistical parameter 2 2

1 0/ω ω< >  describing 
the broadening of the temporal spectrum. It is easily to show that at 1g <%  for both Alfven waves 

x xS tg Sθ< > = < > . This is a consequence of anisotropy of the task connecting with the regular 
velocity of plasma flow. Increasing 0V , 1g >%  we obtain x xS g tg Sθ< > ≈ < >% .                                       

Scattered field is connected with the log-amplitude by the relation 0ln ( / )E Eχ =  [21,22]. Using the 
transport equation (14) solution of the stochastic differential equation for the amplitude of a 
scattered field has the following form                                                                                                     

                                            1 1
0 0

1
( , ) ( , , , )

4(1 ) cos

L

t dz N x y z t
g N V t

χ
θ∗

∂′ ′ ′ ′= −
′± ∂∫r

%
,                            (17) 

where integral should be taken along the characteristics: ( )x x z z tgθ′ ′= − − , ( ) / cost t z z V θ∗′ ′= − − . 
Comparing variances of the amplitude and frequency fluctuations for both Alfven waves we obtain:  

                                                              
2 2

2 1
1 2 2

0 04 a

V

V

ωχ
ω

∗< >< > = .                                                           (18) 
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If 1g <%  we get 2 2 2
1 1 0/ 4χ ω ω< > = < > , if 1g >% , we have 2 2 2 2

1 1 0/ 4gχ ω ω< >= < >% . Increasing regular 
velocity of plasma flow, amplitude fluctuations for both Alfven waves are increased and hence 
intensity of scattered wave growth in proportion to distance travelling by waves in plasma 

2 2 2
0 1~E E χ< > < >

. 

It should be noted that if the conditions: 0 0 0| |− <<a aV V V  for waves is fulfilled, the wavelength 

becomes very small and application of the geometrical optics approximation to the slow large-scale 
MHD waves is violated. All above derived formulae are valid for the angles θ  not close neither 
zero nor / 2π , because at small angle θ  phase velocities of the Alfven and magnetoacoustic waves 
approximately coincide and strong linear interaction takes place [20] which we did not take into 
account. The second-order statistical moments calculating in the ray (-optics) approximation not 
include diffraction effects and impose the restriction on distance 2

0/ 1L k l <<  [21,22].                       
      

NUMERICAL CALCULATIONS 

Observations of ionospheric irregularities detected by radio wave sounding of the lower E-region 
(altitudes near 100 km) have shown [23] that the speeds and horizontal spatial scales of the 

dominant irregularities ranged between 30 and 160 1m s−⋅ and between 10 and 75 km, respectively; 

with the corresponding average values being near 80 1m s−⋅ and 30 km. The mean drift speed in the 

E- region of ionosphere is of an order 100-150 1m s−⋅ depending on geomagnetic activity. Below 
110 km drift velocity coincides with the wind speed; above 130 km ionized component drifts 
towards the direction of an external magnetic field. In the plane perpendicular to a geomagnetic 
lines of force drift speed by an order of magnitude is less than a speed of the wind.                             

Large-scale anisotropic irregularities have been observed in the E-region of ionosphere. Horizontal 
spatial scale of these irregularities is about 150-200 km. They generated due to wavy movements of 
an internal waves. Inhomogeneous structure of the ionosphere is investigated [24] using the space 
diversity techniques. Observations have shown that anisotropic coefficient of irregularities at 5χ <  
is not connected with the geomagnetic field, but substantial elongation  10χ ≥  is defined by it. 

Velocities of irregularities movement is in the range of 40 160÷ 1m s−⋅ ; the most probable drift 

speed is ~100 1m s−⋅ that is an agreement with other experimental data. The variance of 
concentration 2 2 2

1 0/N N Nσ = < >  was measured using pulse and radio-astronomical methods. 
Observations of the Е-region have shown that characteristic linear scale of irregularities is                
about 1-2 km and 2 4~ 10Nσ − .                                                                                                                   

Analytical and numerical calculations will be carried out for anisotropic Gaussian correlation 
function of density of the neutral components having in the principle plane following form [25]:        

                    
2 22 2 2 2 2 2 2

2 2
1 2 32

( , ) exp
4 4 4 416

yx z
N N x z

k ll l T k l k l T
W p p p k k l

ωω σ
π

⊥⊥  
= − − − − − 

 
 

k   


,                   (19) 

where:. 2 2 2 1 2 2 2 2 2
1 0 0 0 0(sin cos ) 1 (1 ) sin cos /p γ χ γ χ γ γ χ−  = + + −  , 2 2 2 2

2 0 0(sin cos ) /p γ χ γ χ= + , 
2 2

3 0 0(1 ) sin cos / 2p χ γ γ χ= − , 2 2 2
1 0/N N Nσ = < >  is variance of neutral particles density fluctuations. 

This function contains anisotropy factor of irregularities /l lχ ⊥=


 (ratio of longitudinal and 
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transverse linear scales of plasma irregularities) and inclination angle 0γ  of prolate irregularities 
with respect to the external magnetic field.  

                                                                                            
Substituting Eq. (19) into Eq. (13) for the fast Alfven wave in the polar coordinate system  we obtain: 

2 2 2
( ) 20 1 1 1

2 2 2 2 2
50 5 5 5

( ) 20.39 1
( , , , ) 1 exp

cos4
A

T B B B
V X Y L M i

gg g g g
ϕ

ωϕ π
χ θπ

+   
= − +   

   
 ,               (20) 

where: 
1/2

22
0 2

1
cos

A

p
g M

θ
 = + 
 

,     2
2 1 2 34g p p tg p tgθ θ= + −  ,   

2

3 2 3
1

2
g p tg pθ = − 

 
,    /AM l V T∗=


, 

1/2

4 2 2

2

cos

a
g g

θ
 = − 
 

 2
4( 0)g > ,     23

2
0

2

g
A

g
a M= ,    

1/22
2 2

5 4 2

sin
cosg g

ϕϕ
χ

 
= + 
 

 ,     1 cos sinB X Yϕ ϕ= + . 

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

Numerical calculations for the fast Alfven wave were carried out for the following plasma 
parameters: 0

0 5γ = , 5χ = , 0.1X Y= = , 0 0/ 0.6aV V =  (solid line-Ma=15, dashed line- Ma = 20, 
dotted line- Ma = 25). Analysis show that the spatial-temporal fluctuations of plasma flow impose 
substantial influence on the phase portrait and directional fluctuations of fast Alfven wave in the 
turbulent plasma stream. Numerical calculations for slow Alfven wave were carried out for the 
following plasma parameters: 0

0 15γ = , 5χ = , 0.08X Y= = , 0 0/ 0.6aV V =  and fixed parameter Ma = 
10 (solid line- 7χ = , dashed line- 6χ = , dotted line- 5χ = , dashed dotted line 4χ = ). Analysis 
show that the spatial-temporal fluctuations of plasma flow impose substantial influence on the 
phase portrait and directional fluctuations of fast Alfven wave in the turbulent plasma stream. 
Numerical calculations for slow Alfven wave were carried out for the following plasma parameters: 

0
0 15γ = , 5χ = , 0.08X Y= = , 0 0/ 0.6aV V =  and fixed parameter Ma = 10 (solid line- 7χ = , dashed 

line- 6χ = , dotted line- 5χ = , dashed dotted line 4χ = ). Temporal pulsations of plasma density 
fluctuations lead to the broadening of the temporal spectrum. Fig. 3 depicts the dependence of the  

Fig 1: depicts phase portrait of fast Alfven wave in the turbulent plasma flow 

0 0/ 0.6aV V =   and different non-dimensional spatial-temporal   parameter  aM  
characterizing nonstationary plasma; Ma =15 – solid line, Ma = 20 - dashed 
line, Ma = 25 - dotted line. 
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normalized variance of the frequency fluctuations characterizing broadening of the temporal power  

Fig 3: illustrates broadening of the temporal power spectrum of scattered 
Alfven wave in the turbulent plasma flow versus non-dimensional spatial-
temporal parameter aM  characterizing nonstationary plasma for the 
anisotropic Gaussian spectrum and different locations of the observation 
points. 

Fig 2: depicts phase portrait of slow Alfven wave in the turbulent plasma flow 

0 0/ 0.6aV V =  and different non-dimensional spatial-temporal parameter aM  
characterizing nonstationary plasma; Ma =15 – solid line, Ma = 20 - dashed 
line, Ma = 25 - dotted line.                                                                                   
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spectrum versus non-dimensional parameter /AM l V T∗=


 containing all characteristic spatial- 

temporal scales of the turbulent plasma flow at different location of the observation points. Using  
experimental data: 030θ = , 3χ = , 0

0 15γ = ,  0 50aV = 1m s−⋅ , 0 100V = 1m s−⋅ , 30l =


km. Numerical    

calculations show that at: 0.01X Y= =  (observation points are spaced apart at distances 
300x yρ ρ= = m), maximum of the temporal spectrum of scattered Alfven wave in the turbulent 

plasma flow is at the frequency max 6ν = mHz and the frequency band of a half width of the temporal 
spectrum is equal 20ν∆ = mHz. Increasing distance between observation points, 0.08X Y= =  
( 2.4x yρ ρ= = km), maximum and half width of the temporal spectrum are equal to: max 4ν = mHz, 

10ν∆ = mHz, respectively. At 0.1X Y= =  ( 3x yρ ρ= = km), max 3ν = mHz, 6ν∆ = mHz. Considered 

above problems have direct relation to the problem of generation, registration and propagation of 
VLF radiation which are devoted great attention in geophysical applications. The obtained results     
could be application at investigation of solar and galactic plasma. 
 
                                                          

CONCLUSIONS 

It was established that in the weakly ionized Е region of ionosphere exist: magneto-acoustic wave 
with frequency M a xV kω = , Alfven wave with frequencies Aω ∗  and A a zV kω = , slow cyclotron wave 
of ions iΩ  and helicons with frequency hω .                                                                                           

The peculiarities of large-scale slow MHD waves in weakly ionized ionosphere with randomly 
varying spatial-temporal parameters are considered on the bases of dispersion equation. It was 
shown that slow Alfven waves propagating with the phase velocity of the order of 
20 1m s−⋅ transverse to the external magnetic field lead to the substantial distortion of the 
geomagnetic field within the range of 15-50 nT. The obtained results are in agreement with 
experimental observations confirming the existence of planetary waves with velocities of 20-100 

1m s−⋅ in the E -layer of ionosphere in any season of year with wavenumber of 2-10 1m− . Large-
scale disturbances (with the velocity of 1-2 1km s−⋅ ) can be identified with magneto-acoustic waves 
in the neutral component of the ionosphere, and the planetary waves with the velocity of the motion 
20-100 1m s−⋅ can be identified with slow Alfven waves; fast and slow Alfven waves are circularly 
polarized taking into account dispersion (Hall’s effect).                                                                         

Second order statistical moments: correlation functions of the phase fluctuations of scattered Alfven 
wave, broadening of the temporal power spectrum and the mean square of log-amplitude 
fluctuations describing angle-of-arrival of scattered fast and slow Alfven waves in a turbulent 
plasma flow have been obtained in the ray (optics) approximation for arbitrary correlation function 
of the density fluctuations of the neutral component taking into account: anisotropy factor of 
irregularities, the angle of inclination of prolate irregularities with respect to the external magnetic 
field, the angle between wave vector of an incident wave and the external magnetic field, regular 
velocity and characteristic spatial-temporal scales of the density fluctuations characterizing 
turbulent plasma flow. Knowledge of the variance of the phase fluctuation allows estimating 
attenuation of the amplitude of an incident wave in turbulent plasma caused by energy               
transformation from the mean field to the scattered one.                                                                       

  
Energy exchange between Alfven wave and turbulent plasma flow is investigated analytically and 
numerically using experimental data. Statistical parameters of scattered Alfven waves substantially 
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depend on the ration of Alfven velocity and macroscopic velocity of a plasma flow. Characteristic 
frequencies of the temporal pulsations of plasma irregularities leading to the broadening of the 
temporal spectrum are calculated first time.                                                                                            

 Phase portraits are constructed for “fast” and “slow” Alfven waves in the turbulent plasma 
flow using the experimental data. It was shown that the turbulent plasma parameters have a 
substantial influence on the directional fluctuations of scattered MHD waves.                                    
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